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Abstract

In this paper we perform in-depth observability analysis for both spatial and temporal cali-
bration parameters of an aided inertial navigation system (INS) with global and/or local sensing
modalities. In particular, we analytically show that both spatial and temporal calibration pa-
rameters are observable if the sensor platform undergoes random motion. More importantly, we
identify four degenerate motion primitives that harm the calibration accuracy and thus should
be avoided in reality whenever possible. Interestingly, we also prove that these degenerate mo-
tions would still hold even in the case where global pose measurements are available. Leveraging
a particular multi-state constrained Kalman filter (MSCKF)-based vision-aided inertial naviga-
tion system (VINS) with online spatial and temporal calibration, we perform extensively both
Monte-Carlo simulations and real-world experiments with the identified degenerate motions to
validate our analysis.

1 Introduction

In recent years, inertial measurement units (IMU) have emerged as a popular sensing modality
for 6DOF motion estimation. IMUs are proprioceptive devices that provide readings of the local
angular velocity and linear acceleration of a moving platform at a high frequency, thereby provid-
ing good motion estimates over short time intervals. However, consumer-class MEMS IMUs suffer
from non-negligible time-varying biases and noises, preventing the direct integration of IMU mea-
surements to obtain accurate velocity, position, and orientation estimates. To combat long-term
drift due to integrating over solely noisy IMU measurements, fusion with information from lower
frequency exteroceptive sensors (such as optical or event cameras [1, 2, 3, 4, 5, 6, 7, 8], LIDAR [9]
or sonars [10]) is often performed, resulting in an aided inertial navigation system (INS).

When fusing the measurements from external exteroceptive sensors, it is vital to determine in
high precision the spatial and temporal sensor calibration parameters. In particular, we must know
the rigid-body transformation from one sensor frame to another in order to correctly fuse motion
information extracted from these sensor measurements. In addition, due to improper hardware
triggering, transmission delays, and clock synchronization errors, the timestamped sensing data of
each sensor may disagree and thus, a timeline misalignment (time offset) between different sensor
measurements might occur, which will eventually lead to unstable or inaccurate state estimates. It
is therefore critical that these time offsets should also be calibrated.

In particular, in vision-aided inertial navigation systems (VINS), sensor calibration of spatial
and/or temporal parameters has attracted significant research efforts (e.g., [11, 12, 13, 14, 15, 16]
and references therein). Among them, notable work includes the (iterated) EKF-based camera-
IMU extrinsic (i.e., spatial-only) calibration [!1], in which nonlinear observability analysis shows
that these transformation parameters are observable given sufficiently excited motions. Similar
observability analysis is also performed in [13], where an UKF-based visual-inertial online extrinsic
calibration that does not require external calibration aids is developed. Moreover, the observabil-
ity /identifiability analysis [12] based on indistinguishable trajectories again shows that both the
global gravity and camera-IMU extrinsic calibration are observable provided general motions. How-
ever, all these great works focus only on camera-IMU spatial calibration and perform observability
analysis assuming general motions.

Recently, temporal sensor calibration has been emerging. For example, in the widely-used cali-
bration toolbox Kalibr [14], both sensor-sensor spatial transformation and time offset are estimated
offline using calibration targets, within a continuous-time batch maximum likelihood estimation
(MLE) framework. Online temporal calibration, however, is first rigorously addressed in [15, 17]
based on the multi-state constrained Kalman filter (MSCKF) [1]. In this camera-IMU online cali-
bration system, observability (identifiability) analysis is performed showing that the time offset is
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in general observable and provides the theoretical sufficient conditions for the observability of time
offset alone, while practical degenerate motions are not fully examined. It should also be noted
that very recently an optimization-based online temporal calibration of VINS is introduced in [10]
which directly shifts visual feature observations in time to best match IMU constraints.

In this work, however, we focus on the degenerate motion observability analysis for any source-
aided INS with both spatial and temporal online calibration. In particular, leveraging our prior
work [18], we perform an observability analysis for linearized aided INS with these spatial and
temporal parameters for generic exteroceptive sensors, including both local and/or global measure-
ments. Based on this analysis, we identify the degenerate motion primitives that can be encountered
in practice and would degrade the calibration performance, thus providing insights about what mo-
tions a practitioner may consider when performing calibration. Specifically, the main contributions
of this paper include:

e We perform observability analysis for the generalized any source-aided INS with both spatial
and temporal calibration parameters, showing that under general motion these calibration
parameters are observable.

e We identify four degenerate motion primitives causing online spatial /temporal calibration to
partially fail, which hold great practical implications and should be avoided in real applica-
tions whenever possible.

e We study the effects of global sensor measurements on the spatial and temporal calibra-
tion, for the first time showing that the degenerate motions still hold even when global pose
measurements are present.

e We implement the MSCKF-based vision-aided INS with online spatial and temporal calibra-
tion and validate extensively our degenerate motion analysis with both Monte-Carlo simula-
tions and real-world experiments.

2 Problem Formulation

During online navigation, we concurrently estimate the state variables together with spatial and
temporal calibration parameters and update them as new measurements are available. The success
of calibration heavily depends on the motion of the sensor platform, motivating the identification
of degenerate motion profiles that negatively affect the estimation accuracy of aided INS.

2.1 State Vector

We consider the state vector with both spatial and temporal calibration parameters for aided INS:
that is the 6DOF rigid-body transformation X.q;; and the temporal time offset t; between the
IMU and aiding sensor are included in the state vector. Thus, the total state vector that is being
estimated can be written as:'

.
X=[X] Xy ta X¢] (1)

!Throughout this paper & is used to denote the estimate of a random variable x, while & = & — & is the error in
this estimate. I xm and O,xm, are the n X m identity and zero matrices, respectively. The left superscript denotes
the frame of reference the vector is expressed with respect to.
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where x; and xr represents the IMU and feature states, respectively. For simplicity of the ensuing
analysis, we consider one point feature in the state vector (which can be generalized to multiple

features as in [19]), and express x; and x¢ as follows:
_ T
x;=[La" b “v] bl “p]], x¢=Cps (2)
where é(j represents the JPL quaternion [20] associated with the rotation matrix éR which rotates

vectors from the global frame into the local IMU frame, “v; and “p; refer to the velocity and

position of the IMU as expressed in the global frame, and b, and b, represent the gyroscope and
accelerometer biases, respectively. “py is the position of an environmental feature point measured
by the exteroceptive sensors as represented in the global frame. In addition, the spacial calibration
state X.q; contains the relative transform between the IMU frame and measurement sensor frame,
ie, iy = [f0" “P]].

Moreover, due to the inherited nature of electronic hardware (e.g., asynchronous clocks, data
transmission delays and electronic triggering delays), the timestamps reported by each of the sensors
will differ from the “true” time that the measurements were recorded . We treat the IMU clock as
the true time and estimate the offset of the aiding sensor relative to this base clock [15, 16]. We
model the time offset 5 as a constant value:

ta =tc —tr (3)

where t¢ is the time recorded on the sensor measurements, and ¢; is the corresponding true IMU
time.

2.2 System Dynamical Model

Based on (1), the system dynamical model including IMU kinematics [20] can be described as:
. 1 _
Litt) = 19 (lw() batt)
“pr(t) =%vi(t), “Vi(t) =Ca(t)
bg(t) = Ilwg(t), ba<t> = nwa(t)
Xealib(t) = O6x1, ta(t) =0, X¢(t) = 03x1 (4)

where w and a denote the local angular velocity and linear acceleration, n,, and n,, are the

white Gaussian noises driving the gyroscope and accelerometer biases. Q(w) = :(L':)TJ ‘g] and

|-] represents a skew symmetric matrix. Based on the nonlinear system model (4), the linearized
system state transition matrix ®(k, 1) from time step 1 to k can be found analytically and is given
by:

Pr1)  Oisxe 015x1  O15x3
O6x15  Pcaink,)  0s5x1 O6x3
Bk, 1)= : 5
(k. 1) 01x15 O1x6  Pryk1) Oix3 (5)
03x15 03x6 03«1 Pr,1)

where @7 1), ®caibk,1) = L6, ®iyk,1) = 1 and Pp 1) = I3 represent the state transition matrix
for x7, Xcalin, tq and xg, respectively. Note that the linearized state transition matrix ® I(k,1) for
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IMU can be computed as [19]:

®;11 P12 03 03 03
03 I3 03 03 O3
Py = P31 P32 I3z Pr3a 03 (6)
03 03 03 I3 03
P51 Prs2 P53 Prsa I3

Note that the error state for quaternion is defined as:
R | 15T T
0g=q®q =~ [550 1]

where ® denotes the quaternion multiplication [20].

2.3 Generic Range/Bearing Measurement Model

While navigating through space, an aiding sensor provides range and/or bearing information to
point features in the environment, which can be generically modeled as the following (linearized)
range and/or bearing measurement model [15]:

zo = { " OM} [Z(T)} = A{ Cp¢ " Cpg +n"

O2x1 NI [2® hy, (Cpg, n®)
~————
A

~ H,“p¢ + n")
o A |:Hbcf)f + Hnn(b> (9)

(8)

where z(") and z®) = hy(-) are the range and bearing measurements, respectively. A denotes the
measurement selection matrix with scalars A\, and Ap; for example, if Ay = 1 and A\, = 1, then z¢
contains both range and bearing measurements. ©pg represents a 3D point in the sensor frame,
H, and H; are the range and bearing measurement Jacobians with respect to “pg. H, is the
noise Jacobian, n(") and n(® are zero-mean Gaussian noises for range and bearing measurements,
respectively. To keep our presentation concise, we also define Hp,,; as:

0zZ¢ H,
Hproj = 8071"_7”- = A |:Hb (10)
Clearly, depending on the selection matrix A, Hj,.,; may be the range-only measurement Jacobian
H, (A, =1 and A\, = 0), bearing-only measurements Jacobian Hj, (A, = 0 and A, = 1), or both.

According to our time offset definition (3), the feature “pg in the sensor frame with reported
time stamp t corresponds to the time ¢ — ¢4 in the IMU base clock. Hence, we have:

“pr = CRER(t — ta) (Opr — Opr(t —ta)) + “pr (11)

where LR(t — t4) and “py(t — t4) represent the IMU pose at time ¢t — ¢4, which will be denoted as
time step k for simplicity in the ensuing derivations. Therefore, the measurement Jacobian of zc
with respect to the state vector x can be written as:

0zc  0Zc 0P 9°ps

He = = = 0] T A~
CTox ~ 9%ps 0% Proi T %

(12)
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2.4 Global Pose Measurement Model

When calibrating an aided INS, we can limit the drift of the motion estimation by providing the
estimator with direct measurements of the IMU pose (e.g., a motion capture system). The direct
pose measurement is given by:

an @ La
— 13
2 [Gpl X n}j (13)
.

where ¢, ~ [%ng I]T, and ny and n, represent Gaussian noises for the orientation and position
measurements.

2.5 Observability Analysis

We perform the observability analysis for the linearized system with both spatial and temporal
calibration parameters. To this end, the observability matrix is defined as [21]:

M, H;®(1,1)
M Hy® (2,1

where M, represents the k-th block row of the observability matrix M corresponding to time step
k. By carefully examining this matrix, we are able to determine the degenerate motions for aided
INS, which play important roles in keeping the state estimator healthy.

3 Observability Analysis of Aided INS with Calibration using Lo-
cal Measurements
Given a bearing and/or range measurement of a point feature [see (8)], we compute the measurement

Jacobian at time step k with respect to the error state X as follows (note that we sometimes omit
the time index to keep notation concise):

— |99 9%Br 0%Pr  99Pr
Hc = Hpro; |: 0x;  OXcatib Oty Ox¢ (15)

By noting that g“R =— lewjg“R, we have:

6305? = PRER((“pr = “pr) IR (16)
TP gReR TP cRiR an
2;3*" = CRUR|(“Pr — “br,) I RER a8)
gg‘gj _CRIARGRLR -1, 19)
8;? = FRER (—(“pe—Cpy,) | RIvw+5y, ) (20)
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With these measurement Jacobians, we construct the k-th block of the observability matrix as
follows [see (14)]:

where we have:

E]_"k [Fl F2 —Ig(;tk F3 —13 F4 iﬁéf{ F5 13] (21

. . . 1 A
I = Lpr - Gpjl — Gphétk — §Gg5t%JIG1R 22
Ty = |“pe — “pr, | R®112 — ®r52
I3 =@, Ts= P — “pr Jf RER

U5 = —[(“br — “pr) |T R + %y,

24

)
)
23)
)
25)

(
(
(
(

Assuming the system undergoes general (random) motions, we can find the unobservable direc-
tions as the right null space of the observability matrix as follows:

M;N = E,ErN = 0 (26)
Iglﬁcg 03
03x1 03
I_G‘A’hJGg 03
031 03
N=[N, N,|=|-[Dn|% I (27)
03x1 03
031 03
0 01><3
| —1%pr]g T3 |

We have computed the above null space based on EryN = 0 and thus this four-dimensional
unobservable subspace (i.e., span(IN)) holds regardless range and/or bearing measurements. Close
inspection of these null vectors shows that N, is the unobservable direction related to the global yaw
while N, corresponds to the global IMU position. This, as expected, confirms the observability
analysis of vision-aided INS [19], and importantly, reveals that given random motions both the
spatial and temporal calibration parameters (X.q and tg) are observable, which also agrees with
the analysis results in [11, 12, 13, 15].

While these observability properties hold with general motion, which however may not always
be the case in reality, identifying degenerate motion profiles that cause extra unobservable directions
to appear in the system, becomes important. Since degenerate motions for the IMU state x; and
the feature state x¢ have been studied in our previous work [1%], in this work we will only focus on
motions that cause the calibration parameters to become unobservable.

4 Degenerate Motion Analysis

Based on our observability analysis, we now present four degenerate motions that cause unobserv-
ability of the spatial and/or temporal calibration.
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4.1 Pure Translation (No Rotation)

Lemma 1. If the aided INS undergoes pure translation (no rotation), the translation part Cpr of
the spatial calibration will be unobservable, with unobservable directions as:

i 1T
Npt = [ng 15 03 I3 O34 _(IGl ]I_{,é]:_{)—r (28)
Proof. If performing pure translation, we have for any k:
I
iR:ﬁRIiRZIGlRI:s:[GlR (29)

With this identity, we can verify that [see (21) and (28)]:

M;N,, = & (gRgfz . ﬁRgﬁ) ~0 (30)
= MN,; =0 (31)
This completes the proof. ]

Note that as (30) holds no matter what H,,,; contains, the null space Ny, is valid for either
range or bearing measurements. To geometrically interpret this unobservable direction, we perturb
the calibration translation with dp:

“p;=Cpr+dp (32)

where (') is used to describe the perturbed parameter. The corresponding feature position change
along this null space can be modeled as:

“pt = “pr — S RCRIP (33)
Substitution of (32) and (33) into (11) yields:
“pt = FRER (“pr — “py,) + P
= RER (“pe — Opr,) + “pi

It is clear that the system cannot identify this perturbation dp to “p; given the feature measure-
ments (11), and thus N, is related to the IMU-sensor translation part [see (1)], which implies that
if there is no rotation, the translation parameters of spatial calibration are unobservable.

4.2 One-Axis Rotation

Lemma 2. If the aided INS undergoes random (general) translation but with only one-axis rotation,
the translation calibration parameter ©p; along the rotation axis will be unobservable, with the
following unobservable direction:

R R T
N0a:[01X18 GRIGT 0 —(FRIK)T (35)

where 'k is the constant rotation awis in the IMU frame {I}.
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Proof. If rotating about a fixed single axis k (e.g., 2D rotation), based on the Rodrigues’ rotation
formula we have:

G GahRli
TR'k=FRIR'k

= [GIR(Is + Sin|9<k,1)|LIIA<J + (1 — cos’e(m)D LIEJQ)IR

YR’k (36)

where ;1) denotes the rotation angle from {I1} to {}}. Using this identity, we can easily verify
[see (21) and (35)]:

MiNy, = Rk - R’k =0 = MN,, =0 (37)
This completes the proof. ]

By careful inspection of the structure of the null space N, (35), we can conclude that if perform-
ing only one-axis rotation, the calibration translation along the rotation axis 'k is unobservable,
while the orientation calibration and time offset are still observable.

4.3 Constant Local Angular and Linear Velocities

Lemma 3. If the aided INS undergoes constant local angular velocity Tw and linear velocity v,
the time offset tq will be unobservable with the following unobservable direction:

T

Ni=[01x15 (RI@G)T —(FRIV)T 1 03] (38)

Proof. Based on (21) and (38), we have for any k:
M Ny = E, {F4?RIUJ — if{éf{?f{]f/ + ]__‘5}
= [ 1%r — by JERERTRIG — FRERTR'Y — | (B — Oby, ) | R G + Ovy, | = 0
= MN;; =0

This completes the proof. ]

4.4 Constant Local Angular Velocity and Global Linear Acceleration

Lemma 4. If the aided INS undergoes constant local angular velocity ‘w and global acceleration
Ga, the time offset tg will be unobservable with the following unobservable direction:

Ni2 = [01x6 %4 06 (CRID)T 05 1 —(%p)7]" (39)

Proof. Verifying the null space N2, we have:

MN; = —%adt; + T,§RIw 4+ T5 — “¥p (40)

= [%Br — “Br JFRERRI® — | (CBr — By, ) I RI@ + Oy, — Oy — Cast,  (41)

=, - %V, —Cadt, =0 (42)

where we have utilized the constant global acceleration assumption: ¢v I, = G{,h + Casty,. ]
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Table 1: Observability of spatial and temporal calibration of aided INS with different motions

Motion Unobservable Observable

No motion “pr, ?R and t, —

Pure Translation Cp I IQR and tg4

One-axis Rotation Cp; along rotation axis ?R and tg4

Constant w ty and R

Constant 'v Cpr along rotation axis !

Constant ‘w ty and R

Constant “a Cpr along rotation axis !

One global axis translation B CR. Cp,. ¢
. . 1, "Pr1, Ug

Two-axis rotation

Random motion - ?R, pr, tq

4.5 Summary

Table 1 summaries our analysis identifying the degenerate motions of temporal and spatial sensor
calibration in aided INS. Clearly, as compared to the translation calibration, the observability of
the orientation calibration is less sensitive to different motions, and in most cases it is observable.
In general, pure three-axis rotation of the aiding sensor is not a degenerate motion for calibration
parameters, but may be degenerate for other state variables; for example, we have shown before
that pure rotation for monocular camera causes loss of feature scale [18]. Similar to the analysis in
[11, 12, 13], in order to get reliable translation calibration, at least two-axis rotation (with random
translation) is needed. However, here we have advanced our understanding even further by analyt-
ically showing that one-axis rotation will cause the translation calibration to become unobservable
along the rotation axis. Therefore, the minimum motion requirement for a reliable spatial and
temporal calibration is at least one global axis translation and two-axes rotation, and it is not
recommended to perform online IMU-camera calibration under planar motions (e.g., planar VINS
for autonomous driving). Interestingly, the time offset calibration generally is observable, except
for very strict motions. We want to point out again that these findings are not only important to
perform successful spatial and temporal sensor calibration but also useful to monitor the estimator
health (if undergoing degenerate motions, the system should be alerted).

5 Aided INS with Global Sensor Measurements

A straightforward way to improve the accuracy of the total estimation (including motion and cali-
bration parameters) is to include additional global measurements of the state (e.g., pose measure-
ments from Vicon). In the following, we investigate the effects of the inclusion of global information
on the observability of the calibration parameters.
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5.1 Observability Analysis

If the system is also fed with global pose measurements, z,, we have the following measurement
Jacobian [see (1)]:

0z 08y 0By OBy 0%

Hy = a;: = [3;1 aiczazib 821 8?Z~(f:| (43)
where ggz) = [13 Og]T and a%igl = [03 I3]T. Combined with the measurements from the other
exteroceptive aiding sensor, the while measurement Jacobian is given by [see (15) and (43)]:

Hc
H; = k 44
o= [ (a1)

Thus, for this aided INS supplemented with additional global pose information, the k-th block
of the observability matrix is given by (21):

- r, Ty —I35, I3 -I; Ty YRER T I3
9 _ |=x O b
M, = 0 I, I3 03 03 03 03 O3 03 03x1 O3 (45)
———103 03 03 03 I3 O3 03 03x1 O3

.=.(g)
“k

Based on this matrix (45) and thus the obsevability matrix (14), we can see that an aided INS
undergoing random motion, with both generic range/bearing and global pose measurements, as
expected, will have all calibration parameters observable. However, we for the first time show in the
next that degenerate motions still hold even with global measurements, which, to our understanding,
is interesting and important to report as it may counter our intuitions.

5.2 Degenerate Motion Analysis

If the system undergoes degenerate motions, based on the structure of the observability matrix (45),
we have the following results:

Lemma 5. If aided INS undergoes degenerate motion for calibration parameters, using extra global
measurements will not cause the calibration to become observable, that is:

e For the pure translation, the unobservable directions Ny w.r.t. translation calibration still
holds.

e For the one-axis rotation, the unobservable direction Ny, w.r.t. translation calibration along
the rotation axis still holds.

e In the case of constant 'w and 'v, the unobservable direction Ny w.r.t. time offset calibration

still holds.

e In the case of constant 'w and ©a, the unobservable direction Ny w.r.t. time offset calibration
still holds.

Proof. We sketch the proof for each case as follows:

e Given pure translation (no rotation), we verify N, [see (45), (28) and Section 4.1]:

Gpl _Gnl
M](Cg)Npt _ E}({Q) [(ijCR ; lecR)] _o (46)

RPNG-2018-CALIB 10



e Given one-axis rotation, we verify N, [see (45), (35) and Section 4.2]:

_ G RIk _ G RIk
Még)Noa — :]E:Q) (Il 0 I ):| =0 (47)
e Given constant ‘w and constant /v, we verify Ny [see (45), (38) and Section 4.3]:
. " ( Lpr—GpIkJiRICRICRIw—iRICRICRIV>
M, Ny =&/ —[(“pr — “pr,) |§ RIbw + Py,
0
=0 (48)
e Given constant ‘w and constant “a, we verify Ny [see (45), (39) and Section 4.4]:
T [ QAo e e )
ng Nip = Ekg _L(Gf’f_Gf)fk)JiRIkw—i_Gvfk _th —“adty,
0
~0 (49)
This completes the proof. ]

With these insightful findings, we stress that if the calibration parameters are observable (e.g.,
under random motion), the additional global measurements will help to improve the calibration
accuracy, because they can make the navigation system observable. However, if the system un-
dergoes degenerate motions for calibration, the additional global measurements will not make the
parameters observable. These results are profound, in particular, for practitioners, as naively using
global sensors may not necessarily help calibration.

6 Calibration Algorithm

To validate our observability analysis and the identified degenerate motions for sensor calibration,
We have developed the standard MSCKF-based vision-aided INS (VINS) [I] with online spatial
and temporal IMU/camera calibration similar to [15]. The state vector for this algorithm includes
the current IMU state x;, the cloned IMU poses x., the spatial calibration X.,;;; and the temporal
calibration t4. Therefore, the state vector can be written as:

x=[x] Xop td x| (50)
= [xlTl x}z X}I;] (51)
where xy,,7 = 1...n represents the i-th cloned IMU pose.

The state propagation is similar to [I]. When processing visual measurements, the measure-
ments to a feature in the sliding window will be stacked as:

Z(f) =h (XI7 Xcalibs tda Xes Xf) + n(f) (52)
2) ~ H %) + HegnXeain + Hita + Hex, + Hexe + nl) (53)
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With the null space operation from [1][22], we can compute the left null space U,, of Hf and
get new measurements for the feature w.r.t. the state vector as:

Uz ~ U HX] + U HegisXean + U Hylg + U H X + U Hgxe + U ) (54)
z0) ~ UTH%; + U H yinXeain + U Hylg + U TH . +nlf) (55)

With the new measurements, the standard EKF update can be performed to get refined states and
related covariance.

7 Simulation Results

To validate our observability analysis and the identified degenerate motions for sensor calibration,
We have implemented the MSCKF-based vision-aided INS (VINS) [1] with online spatial and tempo-
ral IMU /camera calibration similar to [15]. In our implementation [23], a fixed-size sliding window
is built by stacking cloned IMU poses and corresponding visual feature measurements, which are
marginalized when updating. The system has been tested in Monte-Carlo simulations with four
motions: (i) random motion with varying linear acceleration and angular velocity, in which both
spatial and temporal calibration parameters should be observable; (ii) one-azis rotational motion
with varying linear acceleration and only varying angular motion around the one axis, in which
only the translation along the rotation axis should be unobservable; (iii) circular planar motion
with constant local linear and angular velocity, in which both the translation and time offset cal-
ibration should be unobservable; (iv) straight line motion with constant velocity and no rotation,
in which both the translation and time offset calibration should be unobservable. Table 2 shows
the realistic parameters used in our simulation setup. The root mean squared errors (RMSE) [24]
are used to quantify the accuracy of both calibration and localization.

Table 2: Simulation setup parameters

Parameters Values

true ¢¢q [0,0,0,1]7

true “p; [0.01,0.02,0.02] T (m)

true tq 0.04 (sec)

Initial ¢'g [0.0099, 0.0198, —0.0099, 0.9997] T
Initial “p; [0.05,0.06, —0.02] " (m)

Initial ¢4 0.02 (sec)

Initial o for calib orientation | 0.04 (rad)

Initial o for calib translation | 0.05 (m)
Initial o for calib time offset | 0.02 (sec)

Gyro. measurement noise o | 1.1220e-4

Gyro. bias noise o 5.6323e-6
Acc. measurement noise o 5.0119e-4
Acc. bias noise o 3.9811e-5
IMU Hz 200
Camera Hz 20

RPNG-2018-CALIB 12



Random Motion One Axis Rotation Planar Circle Motion

.« s 3
I

H

H

2 2 2
=0 = 0 0
% 2 % 2 2

-4 -4 -4

setup for 3 motion patterns: random motion, one-axis rotation and circular

Figure 1: Simulation
planar motion.

Straight Line Motion

Figure 2: Simulation setup for straight line motion. For clarity, not all points are shown.
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Figure 3: Simulation Monte-Carlo results of the IMU pose estimates in all considered motion cases:
Averaged RMSE results of the MSCKF-based VINS with online spatial and temporal calibration.
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Figure 4: Simulation averaged RMSE of the spatial and temporal calibration in all considered motion
cases (with ground truth tq = 0.04(sec)). (a) Calibration errors of both spatial and temporal
parameters. (b) Three-axis translation error of spatial calibration.
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parameters. (b) Three-axis translation error of spatial calibration.
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Fig. 3 shows the averaged RMSE results of the IMU pose estimates (localization) in all four
considered motion cases, while Fig. 4 depicts the RMSE values of both the spatial and temporal
calibration parameters. Note that straight line motion will cause the orientation of VINS unob-
servable, therefore, it drifts faster than other motion patterns. For comparison, Fig. 5 shows the
calibration results for ground truth time offset t; = 0.0(sec). It can be seen that the system per-
formed similar to the case when t; = 0.04(sec). Moreover, it is clear from Fig. 4 that, in the case of
random motion, the RMSE of all calibration parameters converge to very small errors, indicating
that these parameters converge to the true values. In the case of one-axis rotation, the accuracy
of translation does not improve over time, as it is unobservable, while the orientation and ¢4 con-
verge to reasonable values as they remain observable. In the case of circular planar motion, both
the time offset t; and translation calibration fail to improve, since they are unobservable given
constant angular and linear velocities. Examining more carefully, in the case of random motion,
each component of translation “p; converges to the one close to the true value as shown in Fig.
4, while in the case of one-axis rotation, there is almost no improvement for the translation along
y axis (which is the rotation axis in our tests) through online calibration. In the case of circular
planar motion, both the time offset t; and the translation along y axis are unobservable and thus
their estimates are not improved or become even worse. Similarly, the time offset and translation
calibration estimates are not improved in the case of straight line motion. All these results confirm
what we found in our analysis.

We also performed simulations of aided INS with additional global position measurements to
verify our analysis. The results for the IMU pose and calibration are shown in Fig. 6 and 7.

8 Experimental Results

To further validate our analysis of these identified degenerate motions, we collected a series of
real-world datasets that showcase these degenerate conditions. The left grayscale camera images
and inertial readings from the MYNT EYE? sensor were used to provide a testbed for camera and
IMU calibration. For quantitative comparison, the calibration results from the Kalibr calibration
toolbox [11] were treated as reference values to which our results would be compared, see Table 3.
The implemented system leveraged only MSCKF' features during updates, tracked a maximum of
400 features, and remained real-time during all evaluations. Three datasets with different motion
profiles were collected and evaluated: (i) random motion, (ii) generic planar motion with one-
axis rotation, and (iii) circular planar motion. The random motion trajectory captured hand-held
motion while both the generic planar and circular planar motion were achieved by mounting the
sensor testbed to a cart which was pushed in the desired motion profile. Fig. 9 shows the estimated
trajectories of our VINS estimators in all three considered motion scenarios.

When evaluating, the initial guesses for both spatial and temporal calibration from the reference
Kalibr calibration values were perturbed, see Table 3. The main results are shown in Fig. 10.
As evident, in the case of 3D random motion, all calibration parameters were observable as the
calibration estimates were able to quickly converge to the reference Kalibr values. However, in the
case of random planar motion with one-axis rotation, the orientation and t; were able to converge
while the translation was unable due to the unobservability about the rotation axis. This confirms
our analysis that single-axis rotation is a degenerate case for translation calibration. In the case
of circular planar motion (constant local angular and linear velocities), the orientation was able to
converge a few degrees before drifting, while both the translation and t; are unable to converge,
which again confirms our analysis. The increasing errors in rotation calibration after ten seconds

*https://mynteyeai.com/
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Figure 6: Simulation Monte-Carlo results of the IMU pose estimates in all three considered motion
cases with additional global position measurements: Averaged RMSE results of the MSCKF-based
VINS with online spatial and temporal calibration.
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Figure 7: Simulation averaged RMSE of the spatial and temporal calibration in all considered motion
cases with additional global position measurements (with ground truth t4 = 0.04(sec)). (a)
Calibration errors of both spatial and temporal parameters. (b) Three-axis translation error of spatial
calibration.
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might be caused by the incorrect t; estimate which we found greatly impacts the rotation estimate
if incorrect.

While for single-axis planar motion, a square trajectory with abrupt changes in velocity ensured
good convergence of orientation and t;. We found that in most cases semi-circular planar path
produced poor results due to the large errors in t; preventing the convergence of the rotation
calibration.

Table 3: Realworld setup parameters

Parameters Values

true ¢'q [0.0001,0.0011,0.7108,0.7034] "
true “p; [0.0441,0.0029, —0.0184] T (m)
true t4 0.0024 (sec)

Initial §'g [—0.0209, —0.0058, 0.7175, 0.6962] "
Initial “p; [—0.0301, —0.1647,0.0517] T (m)
Initial ¢4 —0.0324 (sec)

Initial o for calib orientation | 0.089 (rad)
Initial o for calib translation | 0.100 (m)

Initial o for calib time offset | 0.032 (sec)

Gyro. measurement noise o | 0.00888232829671

Gyro. bias noise o 0.000379565782927
Acc. measurement noise o 0.0268014618074
Acc. bias noise o 0.00262960861593
IMU Hz 200

Camera Hz 25

9 Conclusion and Future Work

We have performed observability analysis for the linearized aided INS with both spatial and tem-
poral calibration parameters, and shown that both spatial and temporal calibration parameters are
observable if the sensor platform undergoes general random motion. More importantly, we have
identified four non-trivial degenerate motions that are often encountered in realistic scenarios and
might cause the online spatial and temporal calibration to fail. In addition, we have also studied the
effects of global pose measurements on the spatial and temporal calibration, and analytically shown
that the identified degenerate motions for these calibration parameters still hold even with global
pose measurements. Finally, we have implemented the MSCKF-based VINS with online temporal
and spatial calibration, and extensively validated our analysis with both Monte-Carlo simulations
and real-world experiments on the typical degenerate motion profiles. In the future, we will extend
our work to multi-sensor (e.g., camera, IMU and LiDAR) spatial and temporal calibration, as well
as investigate the case where the time offset is time-varying (e.g. [25]).
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Figure 8: The MYNTEYE sensor used for the realworld experiments.

—w/ calib
—w/o calib

Random 3D Motion

z-axis (m)

Figure 9: Estimated trajectories in the real-world experiments. The starting location is denoted with
a green square while the end is a magenta diamond. For the case of “w/o calib”, the reference Kalibr
calibration parameters were used.

Figure 10: Average calibration errors of both spatial and temporal parameters in the real-world
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Appendix A: Measurement Jacobians

The Jacobians are computed by the perturbation. We first disturb g“R with 06, then we can have:

“pe = “pe+ “pr = {R(I—[60)) &R (“pe — “p1,) + “br

= “pr = FRIER (“br — “P1,)]00 = FRER[ (P — Gf)fk)JiRM

0 be

T30~ | RERL(Pr — “pr) [T R

=

If we disturb “p¢ with “p¢, then we have:
A~ ~ g P A~ ~ ~ N
“pr = “pr + “pr = RER (“Pr + “Pr — “Pr,) + “Pr
= “Pr = TRER P
0“ ps

CH I
%pr RoR

=

If we disturb “p 1, With Sp 1., then we have:
A~ ~ g P A~ A~ ~ A~
“pr = “pr + “pr = RER (“Pr — “Pr, — “Pr) + b1
. N e
= “pr = —7RER Py,

8CI~)f CHILH
= — = -YR*R
aGpIk I+vq

If we disturb ICR with 06,, then we have:
“pr = pr + “pr = (I3 — [66.)) ?Ré@fi (“pe — “pr) + b1
= Cf)f = LICRQ‘CR (Gf)f - GISIk)J(Sec

acf)f CHILD /G-~ G oA
= asg, — LT RGR("Pr = "1

If we disturb t4 with £ 4, then we have:

OBt _ CRIR (~|Spy — Opy, 6 RIw + O
oL, G pPr Pr 11, I,
d
Finally, the only left Jacobians will be:
0 pr
— =13
9°pr

RPNG-2018-CALIB

(68)

19



References

[1] A. I Mourikis and S. I. Roumeliotis. “A multi-state constraint Kalman filter for vision-aided
inertial navigation”. In: International Conference on Robotics and Automation. Rome, Italy,
2007, pp. 3565-3572.

[2] Kevin Eckenhoff, Patrick Geneva, and Guoquan Huang. “Direct Visual-Inertial Navigation
with Analytical Preintegration”. In: Proc. of the IEEE International Conference on Robotics
and Automation. Singapore, 2017, pp. 1429-1435.

[3] T. Qin, P. Li, and S. Shen. “VINS-Mono: A Robust and Versatile Monocular Visual-Inertial
State Estimator”. In: IEEE Transactions on Robotics 34.4 (2018), pp. 1004-1020. 1SSN: 1552-
3098. por: 10.1109/TR0.2018.2853729.

[4] C. Forster et al. “On-Manifold Preintegration for Real-Time Visual-Inertial Odometry”. In:
IEEE Transactions on Robotics 33.1 (2017), pp. 1-21. 1sSN: 1552-3098. DOI: 10.1109/TRO.
2016.2597321.

[5] Kanzhi Wu et al. “An invariant-EKF VINS algorithm for improving consistency”. In: 2017
IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS). IEEE. Van-
couver, Canada, 2017, pp. 1578-1585.

[6] Alex Zihao Zhu, Nikolay Atanasov, and Kostas Daniilidis. “Event-based visual inertial odom-
etry”. In: IEEE Conference on Computer Vision and Pattern Recognition. Honolulu, Hi, USA,
2017, pp. 5391-5399.

[7] Ming Hsiao, Eric Westman, and Michael Kaess. “Dense Planar-Inertial SLAM with Structural
Constraints”. In: Proc. of the IEEE International Conference on Robotics and Automation.
Brisbane, Australia, 2018, pp. 6521-6528.

[8] Zheng Huai and Guoquan Huang. “Robocentric Visual-Inertial Odometry”. In: Proc. IEEE/RSJ
International Conference on Intelligent Robots and Systems. Madrid, Spain, 2018.

[9] Patrick Geneva et al. “LIPS: LiDAR-Inertial 3D Plane SLAM”. In: Proc. IEEE/RSJ Inter-
national Conference on Intelligent Robots and Systems. Madrid, Spain, 2018.

[10] Yulin Yang and Guoquan Huang. “Acoustic-Inertial Underwater Navigation”. In: Proc. of
the IEEFE International Conference on Robotics and Automation. Singapore, 2017, pp. 4927—
4933.

[11] F. M. Mirzaei and S. I. Roumeliotis. “A Kalman Filter-Based Algorithm for IMU-Camera
Calibration: Observability Analysis and Performance Evaluation”. In: IEEE Transactions on
Robotics 24.5 (Oct. 2008), pp. 1143-1156. 1SSN: 1552-3098. DOI: 10.1109/TR0O.2008.2004486.

[12] Eagle S. Jones and Stefano Soatto. “Visual-inertial Navigation, Mapping and Localization:
A Scalable Real-time Causal Approach”. In: International Journal of Robotics Research 30.4
(Apr. 2011), pp. 407-430. DOL: 10.1177/0278364910388963.

[13] Jonathan Kelly and Gaurav S. Sukhatme. “Visual-Inertial Sensor Fusion: Localization, Map-
ping and Sensor-to-Sensor Self-Calibration”. In: International Journal of Robotics Research
30.1 (Jan. 2011), pp. 56-79.

[14] P. Furgale, J. Rehder, and R. Siegwart. “Unified temporal and spatial calibration for multi-
sensor systems”. In: Proc. of the IEEE/RSJ International Conference on Intelligent Robots
and Systems. Tokyo, Japan, 2013, pp. 1280-1286.

RPNG-2018-CALIB 20


http://dx.doi.org/10.1109/TRO.2018.2853729
http://dx.doi.org/10.1109/TRO.2016.2597321
http://dx.doi.org/10.1109/TRO.2016.2597321
http://dx.doi.org/10.1109/TRO.2008.2004486
http://dx.doi.org/10.1177/0278364910388963

[20]

[21]

22]

M. Li and A. I. Mourikis. “Online Temporal Calibration for Camera-IMU Systems: Theory
and Algorithms”. In: International Journal of Robotics Research 33.7 (June 2014), pp. 947—
964.

Tong Qin and Shaojie Shen. “Online Temporal Calibration for Monocular Visual-Inertial
Systems”. In: Proc. IEEE/RSJ International Conference on Intelligent Robots and Systems.
Madrid, Spain, 2018.

Mingyang Li. “Visual-inertial odometry on resource-constrained systems”. PhD thesis. UC
Riverside, 2014.

Yulin Yang and Guoquan Huang. “Aided Inertial Navigation with Geometric Features: Ob-
servability Analysis”. In: Proc. of the IEEFE International Conference on Robotics and Au-
tomation. Brisbane, Australia, 2018, pp. 2334-2340.

J.A. Hesch et al. “Consistency Analysis and Improvement of Vision-aided Inertial Naviga-
tion”. In: IEEE Transactions on Robotics PP.99 (2013), pp. 1-19. pOI: 10.1109/TR0O.2013.
2277549.

Nikolas Trawny and Stergios I. Roumeliotis. Indirect Kalman Filter for 3D Attitude Estima-
tion. Tech. rep. University of Minnesota, Dept. of Comp. Sci. & Eng., Mar. 2005.

Z. Chen, K. Jiang, and J.C. Hung. “Local observability matrix and its application to ob-
servability analyses”. In: Proc. of the 16th Annual Conference of IEEE Industrial Electronics
Society. Pacific Grove, CA, 1990, pp. 100-103.

Yulin Yang, James Maley, and Guoquan Huang. “Null-Space-based Marginalization: Analysis
and Algorithm”. In: Proc. IEEE/RSJ International Conference on Intelligent Robots and
Systems. Vancouver, Canada, 2017.

Yulin Yang et al. Degenerate Motion Analysis for Aided INS with Online Spatial and Temporal
Calibration. Tech. rep. University of Delaware, 2018. URL: http://udel . edu/~yuyang/
downloads/tr_calib.pdf.

Y. Bar-Shalom and T. E. Fortmann. Tracking and Data Association. New York: Academic
Press, 1988.

Chao Guo et al. “Efficient Visual-Inertial Navigation using a Rolling-Shutter Camera with
Inaccurate Timestamps”. In: Proc. of the Robotics: Science and Systems Conference. Berkeley,
CA, 2014.

RPNG-2018-CALIB 21


http://dx.doi.org/10.1109/TRO.2013.2277549
http://dx.doi.org/10.1109/TRO.2013.2277549
http://udel.edu/~yuyang/downloads/tr_calib.pdf
http://udel.edu/~yuyang/downloads/tr_calib.pdf

	Introduction
	Problem Formulation
	State Vector
	System Dynamical Model
	Generic Range/Bearing Measurement Model
	Global Pose Measurement Model
	Observability Analysis

	Observability Analysis of Aided INS with Calibration using Local Measurements
	Degenerate Motion Analysis
	Pure Translation (No Rotation)
	One-Axis Rotation
	Constant Local Angular and Linear Velocities
	Constant Local Angular Velocity and Global Linear Acceleration
	Summary

	Aided INS with Global Sensor Measurements
	Observability Analysis
	Degenerate Motion Analysis

	Calibration Algorithm
	Simulation Results
	Experimental Results
	Conclusion and Future Work
	Appendix Measurement Jacobians
	References

